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Abstract. We have set up the Klein-Gordon equation in the background of the Schwarz- 
schild curved space-time and studied the scattering of radial tardyons and tachyons from 
a black hole. We also show that black holes of mass below 7 x l O I 4  g may contain bound 
states of tardyons of pion mass which will be unstable on account of the presence of an 
attractive r-4 term. 

1. Introduction 

Dhurandhar (1978) investigated the behaviour of tachyonic scalar waves near a 
Schwarzschild black hole. We shall here consider spinless tardyons and tachyons 
obeying the Klein-Gordon equation, which will be treated as an equation for the 
probability amplitude and hence the problems associated with the negative energy 
solutions and attendant features of vacuum polarisation effects and pair creation will 
be ignored. Unruh (1976) considered scattering of particles from small black holes 
with dimensions much less than the particle wavelength. However, here we do not 
make this assumption. 

Writing the Klein-Gordon equation in a Schwarzschild background, separating 
the variables in 4(r, 8, t )  in the usual way and introducing dimensionless units r = 
RMoc/h, m = GMMo/ch, w = flh/Moc2, (M and MO being the mass parameters of 
the black hole and the scalar particle respectively) we obtain (for details see Dhurand- 
har 1978): 

d2$?+ 2m - d$?+ r2 
dr2 r ( r - 2 m )  dr ( r -2m)’  

The first sign refers to a tardyon and the second to a tachyon, which has rest mass i MO. 
We now use the transformation given by Talukdar et a1 (1981): 

r2 + d2v? 
dr2 (r-2m)’  
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Thus we can eliminate the term involving the first derivative without making any 
assumption regarding the relative magnitudes of M and MO unlike Dhurandhar. 

2. Scattering of particles from a black hole 

Let us consider radial particles, I = 0; then (3) reduces to (omitting sub and superscripts 
of cp): 

V(r) may be regarded as the effective potential due to the curvature of space-time. 
For tardyons i t  is negative everywhere within the black hole. In a small region 
surrounding r = 0 the last term m2/r4 predominates. For tachyons on the other hand 
the potential rises to a maximum positive value V, = m2’3(22’3 - 2-4’3) - 1 and then 
falls to --CO at r = 0. The fraction, a, of the black hole radius where the l / r 4  term 
predominates over the l / r  term is ( 4 ~ 2 ) - ~ ’ ~ .  If we take for example M = M @  and 
MO = 2.4 x g then a - lo-’*. Further, the height of the potential maximum 
increases with M. Therefore, we shall neglect the last term in (4a)  so that 

d2q -+ r2 2 ( k 2 * F ) c p  =0 ,  
dr2 (r-2m) 

where k2 = w 2 T  1. Putting x = 2m -r, we obtain 

where a = 2w2 7 1 and 
for w<im(or  w>im 
equation for f becomes 
har (1978). However, 
PI 

p 2  = i(l- 16m2w2); accordingly p is real (or pure imaginary) 
). Using the transformation 4 ( x )  = x&+’” exp(ikx)f(x) the 
the confluent hypergeometric equation as shown by Dhurand- 

. Dhurandhar did not use the exact solution to investigate his 
.oblem. He used the WKB approximation instead, whose validity is not assured for 

all masses of the black hole. 

+(x) = C1(2m - x ) ~ ’ ~ x @  exp(ikx)F(F +$+iam/k;  2 p  + 1; -2ikx) 

The exact solution for the radial part of the wavefunction can be written as 

+C2(2m - X ) “ ~ X - ’  exp(ikx)F(-p +$+ iam/k ;  -2p + l ;  -2ikx). (7) 
For real p < 0 (it suffices to consider p < 0 in view of the symmetry under p -+ - p )  
the first term becomes infinite at x = 0 (the event horizon) and hence the good 
behaviour of II, (x) demands C1 = 0 (and similarly C2 = 0 for p > 0). It may be noted 
that the deletion of the l / r 4  term has led to an equation for which r = 0 (i.e. x = 2m) 
is in fact an ordinary point and hence the behaviour in the neighbourhood of r = 0 
imposes no further restriction on the solution. For ,U = 0 and for pure imaginary 
values of the boundary condition, it is interesting to observe that no restriction is 
imposed on the wavefunction and henceforth attention will be confined to real values 
of p. 
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2.1. Tardyons 

When p is real (w <am) we have for scattering states (k real, w > l), Mocz< E < 
6 x 10i6/M MeV. If for the sake of illustration we take M0c - 134 MeV correspond- 
ing to the pion rest mass this implies M < 4.5 X 1014 g. 

Taking the asymptotic form of the S-wave solution + at r -P CO, x -+ -CO we obtain 

2 

The first term gives the incoming wave and the second gives the outgoing wave. We 
find that the plane wave is distorted even at large distances from the centre. This 
also happens in the case of Coulomb (Rutherford) scattering and is due to the presence 
of a l / r  term in both cases. 

Now the absolute value of the scattering matrix element, S, is given by 

lamplitude of the outgoing wave1 S =  = 1. 
lamplitude of the incoming wave1 

We may conclude therefore that ‘mini’ black holes of mass <4.5 x loi4 g scatter the 
low-energy tardyons completely without absorption. This is contrary to the classical 
result that all tardyons incident on a black hole are absorbed. However, in quantum 
mechanics scattering is present even when we take a perfectly absorbing body (see 
e.g. Blatt and Weisskopf 1952, p 324). 

While this result would at first appear to be simply a consequence of the reality 
of the potential leading to the requirement of a unitary scattering operator, in general, 
however, even for a real potential with singular and pathological behaviour this text 
book result is not valid (Pearson 1975). In the present case care must be exercised 
in view of the singularity at the origin which makes the Hamiltonian pseudo-Hermitian 
(Landau and Lifshitz 1965, Morse and Feshbach 1953) corresponding to the classical 
‘winding into the centre’ problem. In fact the problem arising for an attractive l / r  
potential in the relativistic case is analogous (in so far as such pathologies are 
concerned) to the l / r 2  attractive potential for the non-relativistic Schrodinger 
equation. 

The limitation on the mass is reminiscent (and owes its origin to the same source) 
of the result in relativistic Coulomb scattering in quantum mechanics wherein for 
2 > (e2/hc)-’  = 137 (superheavyelements) pathologiesdevelop (Berestatskiietall971 
and Bjorken and Drell 1964). 

2.2. Tachyons 

In this case k is always real but p is real for w <$m and S = 1 in this case as before. 
Unlike the above case, there is no upper limit to the mass of black holes which scatter 
without absorption all particles with energy below a certain limit. We should, however, 
remember that the energy of a tachyon decreases as the velocity increases, reducing 
to zero for U + 00. 

Raychaudhuri (1974) found classically that all radial tachyons penetrate the 
Schwarzschild black hole and are then reflected from a distance R = 2M/k2 where k 
represents the momentum per unit mass parameter of the tachyon. 
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3. Energy levels of tardyons bound by the black hole 

For tardyons, k becomes imaginary when w < 1. This can occur only in an attractive 
field. If we put k = iK, then exp(ikx) = exp(-Kx) and exp(-ikx) = exp(Kx). Hence in 
(8) the first term goes to infinity as r + 00 ( x  -* -00) while the second term decays with 
distance, so the wavefunction will be admissible only when the coefficient of the first 
term vanishes, i.e. when p +t -am/K = -n, where n = 0, 1 , 2  (an integer) i.e. 

(9) 2 2 1 / 2  - n+$[1+(1-16m w ) ] -m(2w2-1) / (1-~2)’ /2 .  

We must have w <am in order that the second term on the left may be real because 
all other terms in (9) are real. Further, since the left-hand side is positive the right-hand 
term should also be positive, i.e. w > 1/&. Hence for bound states to occur m < 
1/2J2.  For pions this implies M < 7 x 1014 g. 

According to the classical theory, however, such bound states cannot exist within 
the black hole as all such particles will fall to the centre but here there exists a non-zero 
probability of finding such particles inside the event horizon. Even outside the black 
hole the smallest stable orbit in the classical theory has R = 6M. It should be noted, 
however, that we have neglected an attractive term O( l/r4). This may make the bound 
states unstable as we find in the nonrelativistic case (Landau and Lifshitz 1965, Morse 
and Feshbach 1953). 

4. Conclusions 

We have found an exact solution of the problem of a radial particle obeying the 
Klein-Gordon equation in the curved space-time of Schwarzschild, after neglecting 
a term O(l/r4).  We found that ‘mini’ black holes of mass below 4.5 x 1014 g scatter, 
without absorption, all tardyons of pion mass having energy below a certain limit, 
while all black holes do so in the case of tachyons. This result has been obtained for 
the S partial wave (I = 0) which is adequate for a substantial range of energies in view 
of the fact that the radius of such a black hole would be cm. Further work 
is in progress for determining the role of higher partial waves. The classical result on 
the other hand is that a black hole absorbs all the incident tardyons but none of the 
incident tachyons. However, for particles of energy above the limit mentioned the 
boundary condition at the event horizon puts no restriction on the wavefunction and 
the problem lacks complete definition. A more complete analysis which does not 
neglect the l / r 4  term will give us the scattering cross-section for such higher energy 
values. We have also found that black holes of mass below 7 x l O I 4  g may form bound 
states of tardyons of pion mass but in the classical case all tardyons fall to the centre 
once they are inside the event horizon. 
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